In this paper we extend the notions of Schwartz functions, tempered functions and generalized Schwartz functions to Nash (i.e. smooth semi-algebraic) manifolds and moreover, to the notions of Schwartz sections, tempered sections and generalized Schwartz sections of Nash bundles. We reprove for this case classically known properties of Schwartz functions on R n and prove some additional properties which are important in representation theory.
Introduction
L. Schwartz defined the space of Schwartz functions on R n to be the space of all infinitely differentiable functions that rapidly decay at infinity together with all their derivatives, i.e. x n f (k) is bounded for any n, k. The goal of this paper is to extend this notion.
As we can see, the definition is of algebraic nature. Hence it would not be reasonable to try to extend it to arbitrary smooth manifolds. However, it is reasonable to extend this notion to smooth algebraic varieties. Unfortunately, sometimes this is not enough. For example, a connected component of real algebraic variety is not always an algebraic variety. By this reason we extend this notion to smooth semi-algebraic manifolds. They are called Nash manifolds 1 . For any Nash manifold M, we shall define the spaces G(M), T (M) and S(M) of generalized Schwartz functions 2 , tempered functions and Schwartz functions on M. Informally, T (M) is the ring of functions that have no more than polynomial growth together with all their derivatives, G(M) is the space of generalized functions with no more than polynomial growth and S(M) is the space of functions that decay together with all their derivatives faster than any polynomial .
As in the classical case, in order to define generalized Schwartz functions, we have to define Schwartz functions first. Both G(M) and S(M) are modules over T (M).
The triple S(M), T (M), G(M) is analogous to C ∞ c (M), C ∞ (M) and C −∞ (M) but it has additional nice properties as we shall see later.
We will show that for M = R n , S(M) is the space of classical Schwartz functions and G(M) is the space of classical generalized Schwartz functions. For compact M, S(M) = T (M) = C ∞ (M).
Main results
In this subsection we summarize the main results of the paper.
Result 1.1.1 Let M be a Nash manifold and Z ⊂ M be a closed Nash submanifold. Then the restriction maps T (M) → T (Z) and S(M) → S(Z) are onto (see theorems 4.6.1 and 4.6.2) .
Result 1.1.2 Let M be a Nash manifold and U ⊂ M be a semi-algebraic open subset. Then a Schwartz function on U is the same as a Schwartz function on M which vanishes with all its derivatives on M \ U (see theorem 5.4.3).
This theorem tells us that extension by zero S(U) → S(M) is a closed imbedding, and hence restriction G(M) → G(U) is onto. Classical generalized functions do not have this property. This was our main motivation for extending the definition of Schwartz functions.
Schwartz sections of Nash bundles
Similar notions will be defined for Nash bundles, i.e. smooth semi-algebraic bundles.
For any Nash bundle E over M we shall define the spaces G(M, E), T (M, E) and S(M, E) of generalized Schwartz, tempered and Schwartz sections of E.
As in the classical case, a generalized Schwartz function is not exactly a functional on the space of Schwartz functions, but a functional on Schwartz densities, i.e. Schwartz sections of the bundle of densities.
Therefore, we shall define generalized Schwartz sections by G(M, E) = (S(M, E)) * , where E = E * ⊗ D M and D M is the bundle of densities on M. Let Z ⊂ M be a closed Nash submanifold, and U = M \ Z. Result 1.1.2 tells us that the quotient space of G(M) by the subspace G(M) Z of generalized Schwartz functions supported in Z is G(U). Hence it is useful to study the space G(M) Z . As in the classical case, G(M) Z has a filtration by the degree of transversal derivatives of delta functions. The quotients of the filtration are generalized Schwartz sections over Z of symmetric powers of normal bundle to Z in M, after a twist.
This result can be extended to generalized Schwartz sections of arbitrary Nash bundles (see corollary 5.5.4).
Restricted topology and sheaf properties
Similarly to algebraic geometry, the reasonable topology on Nash manifolds to consider is a Similarly, for any Nash bundle E over M we shall define the sheaf T E M of tempered sections and the sheaf G E M of generalized Schwartz sections. As we have mentioned before, Schwartz functions behave similarly to compactly supported smooth functions. In particular, they cannot be restricted to an open subset, but can be extended by zero from an open subset. This means that they do not form a sheaf, but an object dual to a sheaf,a so-called cosheaf. The exact definition of a cosheaf will be given in the appendix (section 6.4). We denote the cosheaf of Schwartz functions by S M . We shall prove that S M is actually a cosheaf and not just pre-cosheaf by proving a Schwartz version of the partition of unity theorem. Similarly, for any Nash bundle E over M we shall define the cosheaf S E M of Schwartz sections.
Possible applications
Schwartz functions are used in the representation theory of algebraic groups. Our definition coincides with Casselman's definition (cf. [Cas1] ) for algebraic groups. Our paper allows to use Schwartz functions in more situations in the representation theory of algebraic groups, since an orbit of an algebraic action is a Nash manifold, but does not have to be an algebraic group or even an algebraic variety.
Generalized Schwartz sections can be used for "devisage". We mean the following. Let U ⊂ M be an open (semi-algebraic) subset. Instead of dealing with generalized Schwartz sections of a bundle on M, we can deal with generalized Schwartz sections of its restriction to U and generalized Schwartz sections of some other bundles on M \ U (see 5.5.4).
For example if we are given an action of an algebraic group G on an algebraic variety M, and a G-equivariant bundle E over M, then devisage to orbits helps us to investigate the space of G-invariant generalized sections of E.
Summary
To sum up, for any Nash manifold M we define a sheaf T M of algebras on M (in the restricted topology) consisting of tempered functions, a sheaf G M of modules over [CHM] , [KS] , [Mor] and [Pre] 2 Semi-algebraic geometry
In this section we give some preliminaries on semi-algebraic geometry from [BCR] . Sometimes it is more convenient to use the logical formulation of the TarskiSeidenberg principle. Informally it says that any set that can be described in semialgebraic language is semi-algebraic. We shall now give the logical formulation and immediately after that define the logical notion used in it. 
Basic notions
For the proof see Proposition 2.2.4 on page 28 of [BCR] . 
Proof. Let Ψ be a quantifier-free formula equivalent to Φ. The set S Ψ is semialgebraic since it is a finite union of sets defined by polynomial equalities and inequalities. Hence S Φ is also semi-algebraic since S Φ = S Ψ . 2 Proposition 2.2.5 The logical formulation of the Tarski-Seidenberg principle implies the geometric one.
Proof. Let A ⊂ R n be a semi-algebraic subset, and pr : R n → R n−1 the standard projection. Then there exists a formula Φ ∈ L(R) such that A = S Φ . Then pr(A) = S Ψ where
Since Ψ ∈ L(R), the claim follows from the previous corollary. Proof. Let A ⊂ R n be a semi-algebraic subset, and let A be its closure. Then
Clearly, Ψ ∈ L(R) and hence A is semi-algebraic. Proof.
(i) Let µ : A → B and ν : B → C be semi-algebraic mappings. Let Γ µ ⊂ R m+n be the graph of µ and Γ ν ⊂ R n+p be the graph of ν. The graph of ν • µ is the projection of (Γ µ × R p ) ∩ (R m × Γ ν ) onto R m+p and hence is semi-algebraic. (ii) follows from (i) by noting that F + G is the composition of (F, G) : A → R 2 with + :
is the composition of F with
. By Tarski-Seidenberg principle, G is semi-algebraic. The lemma now reduces to its one-dimensional case, which is proven on page 43 of [BCR] (proposition 2.6.2). 2
Some other theorems
Theorem 2.3.1 Let F : A → R be a semi-algebraic function on a locally closed semi-algebraic set. Let Z(F ) := {x ∈ A|F (x) = 0} be the set of zeros of F and let
Suppose that F and G are continuous. Then there exists an integer N > 0 such that the function F N G, extended by 0 to Z(F ), is continuous on A.
The proof can be found on page 43 of [BCR] (proposition 2.6.4). The proof can be found on page 46 of [BCR] (theorem 2.7.2).
Theorem 2.3.3 Every semi-algebraic subset of R n has a finite number of connected components, which are semi-algebraic
The proof can be found on page 35 of [BCR] (theorem 2.4.5).
Nash manifolds
In this section we give some preliminaries on Nash manifolds 4 from [BCR] , [DK] and [Shi] and some of their technical extensions that will be necessary for us to proceed. Most of section 4 does not rely on subsections 3.2-3.6. However, section 5 will use all of this section.
The theory of Nash manifolds is similar both to differential topology and algebraic geometry. Our approach to Nash manifolds comes from algebraic geometry.
Nash submanifolds of
R n Definition 3.1.1 A Nash map from an open semi-algebraic subset U of R n to an open semi-algebraic subset V of R m is a
smooth (i.e. infinitely differentiable) semialgebraic map. The ring of R-valued Nash functions on U is denoted by N (U).
A Nash diffeomorphism is a Nash bijective map whose inverse map is also Nash.
Remark 3.1.1 In fact, a Nash map is always real analytic (cf. [Mal] or [Shi] , Corollary I.5.7) but we shall not use this.
Remark 3.1.2 A Nash map which is a diffeomorphism is a Nash diffeomorphism, since the inverse of a semi-algebraic map is semi-algebraic. Note also that a partial derivative of Nash function is Nash by the Tarski-Seidenberg principle.
As we are going to work with semi-algebraic differential geometry, we shall need a semi-algebraic version of implicit function theorem.
The proof can be found on page 57 of [BCR] (corollary 2.9.8).
which is a smooth submanifold.
By the implicit function theorem it is easy to see that this definition is equivalent to the following one, given in [BCR] :
Theorem 3.1.4 5 Any Nash submanifold of R n is Nash diffeomorphic to a closed Nash submanifold of R N .
For proof see Corollary I.4.3 in [Shi] or theorems 8.4.6 and 2.4.5 in [BCR] .
3.2 Restricted topological spaces and sheaf theory over them.
Now we would like to define Nash manifolds independently of their embedding into R n . Analogously to algebraic geometry we shall define them as ringed spaces. Hence we shall need to introduce topology and structure sheaf on Nash manifolds. The natural topology to consider is topology of open semi-algebraic sets. Unfortunately, infinite unions of semi-algebraic sets are not necessary semi-algebraic, hence it is not a topology in the usual sense of the word. Therefore, we shall need to define a different notion of topology and introduce an appropriate sheaf theory over it. In this section we follow [DK] . A similar use of restricted topology appears in [Mor] and [Pre] . 
is exact. The map res 1 above is defined by res 1 (ξ) = n i=1 res U,U i (ξ) and the map res 2 by A 
Definition 3.3.1 An affine Nash manifold is an R-space which is isomorphic to an R-space associated to a closed Nash submanifold of R n . 
Examples and Remarks Example 3.3.4 Any smooth affine algebraic variety over R is an affine Nash manifold.
Remark 3.3.5 A union of several connected components of an affine Nash manifold is an affine Nash manifold. This is true since every semi-algebraic subset of R n has a finite number of connected components and each of them is semi-algebraic (see [BCR] , theorem 2.4.5).
Remark 3.3.6 Any affine Nash manifold is Nash diffeomorphic to a smooth real affine algebraic variety (see Chapter 14 of [BCR] for compact Nash manifold, and remark VI.2.11 in [Shi] for non-compact Nash manifold). However, the category of affine Nash manifolds is richer than the category of smooth real affine algebraic varieties, because it has more morphisms. In particular, two non-isomorphic smooth real affine algebraic varieties can be Nash diffeomorphic. For example, the hyperbola {xy = 1} is Nash diffeomorphic to {x + y = 1/2} {x + y = −1/2}. Remark 3.3.7 Any quasiprojective Nash manifold is affine since any projective Nash manifold is affine (see page 23 in [Shi] 
is the natural projection. 
M → E are global Nash sections and f j ∈ N (U i ) are Nash functions on U i . For proof see [BCR] . Proposition 3.4.5 Let M ⊂ R n be a closed Nash submanifold. Then the space of Nash covector fields on M is generated over N (M) by dx i .
For the proof see proposition 6.1.3 in the Appendix.
Nash differential operators
As we have seen in the introduction, classical Schwartz functions can be defined using polynomial differential operators. In order to define Schwartz functions on Nash manifolds, we shall use Nash differential operators, that will be defined in this subsection.
Definition 3.5.1 Let M be a smooth real affine algebraic variety. The algebra of algebraic differential operators on M is the subalgebra with 1 of
by multiplications by polynomial functions and by derivations along algebraic vector fields.
Let M be an affine Nash manifold. The algebra of Nash differential operators on M is the subalgebra with 1 of
by multiplications by Nash functions and by derivations along Nash vector fields.
The following lemma immediately follows from the Tarski-Seidenberg theorem. 
Nash tubular neighborhood
We shall need a Nash analog of the tubular neighborhood theorem from differential geometry. Notation 3.6.2 Let x ∈ R n and r ∈ R.
We denote the open ball with center x and radius r by B(x, r).
Let M be a Nash manifold with a Nash Riemannian metric on it. Let Z ⊂ M be a closed Nash submanifold and F : Z → R a function on it. We define Corollary 3.6.3 Let M be an affine Nash manifold and Z ⊂ M be closed affine Nash submanifold. Then Z has a neighborhood U in M which is Nash diffeomorphic to the total space of the normal bundle N M Z . This corollary follows from the theorem using the following technical lemma.
Lemma 3.6.4 Let E → M be a Nash bundle. Let f ∈ N (E) be a Nash fiberwise homogeneous function of even degree
Proof. Define a Nash diffeomorphism by stereographic projection, i.e. ν : U → E by ν(m, v) = (m, Proof. Let D ′ be a Nash differential operator. By lemma 3.5.4,
where D i are algebraic differential operators on M and g i are Nash functions on M. By lemma 2.2.11, g i can be majorated by polynomials h i , hence 
Tempered functions Definition 4.2.1 Let M be an affine Nash manifold. A function α ∈ C ∞ (M) is said to be tempered if for any Nash differential operator D there exists a Nash function f such that |Dα| ≤ f .

Proposition 4.2.1 Let M be an affine Nash manifold and α be a tempered function on M. Then αS(M) ⊂ S(M).
Proof. Let φ be a Schwartz function and D be a Nash differential operator on M.
By the Leibnitz rule, D(αφ)
Since α is tempered, there exist positive Nash functions f i such that
Remark 4.2.2 The converse statement is also true, namely if αS(M) ⊂ S(M) then α is tempered. We shall neither use nor prove that in this paper.
The proof of the following lemma is straightforward. 
Extension by zero of Schwartz functions Proposition 4.3.1 (Extension by zero). Let M be an affine Nash manifold and U ⊂ M be an open (semi-algebraic) subset. Then the extension by zero of a Schwartz function on U is a Schwartz function on M which vanishes with all its derivatives outside U.
The proposition follows by induction from the following lemma. Proof. We have to show that for any z ∈ M \ U, φ is differentiable at least once at z and its derivative at z in any direction is 0. Embed M ֒→ R n and denote 
Partition of unity
In the proofs in this subsection we use the technical cover tools developed in appendix (subsection 6.3).
Theorem 4.4.1 (Partition of unity). Let M be an affine Nash manifold, and let
2) Moreover, we can choose α i in such a way that for any φ ∈ S(M), α i φ ∈ S(U i ).
Proof of 1. By lemma 6.3.1, which follows from the finiteness theorem, we can assume U i = {x ∈ M|F i (x) = 0} and F i | U i is a positive Nash function. By proposition 6.3.2, there exists a strictly positive Nash function f such that the sets V i = {x ∈ M|F i (x) > f (x)} also cover M. 
where p i are polynomials on R d . Let g > 0 be a Nash function and
Then any Schwartz function φ on M which is 0 outside U ′ is a Schwartz function on U.
Proof. There is a standard closed embedding ν ′ : U ֒→ R d+n whose last n coordinates are defined by 1/p i . By proposition 4.1.1, it is enough to check that for any differential operator D on U algebraic with respect to ν ′ , Dφ| U is bounded. Standard algebraic geometry arguments show that D is a sum of differential operators of the form
where k is a natural number and D ′ is a differential operator on M algebraic with respect to the imbedding M ⊂ R d . The lemma follows now from the fact that inside U ′ , 
Restriction and sheaf property of tempered functions
In the proofs given in this subsection we use the technical tools developed in the Appendix (subsection 6.2).
Theorem 4.5.1 (Tempered restriction). Let M ⊂ R n be an affine Nash manifold, p 1 , . . . , p n be polynomials on R n and U = U p 1 ,...,pn = {x ∈ M| p 1 (x) > 0, . . . , p n > 0} be a basic open semi-algebraic subset. Then the restriction to U of any tempered function α on M is tempered.
Proof. It is enough to prove the statement for n = 1. Denote p = p 1 . Let D be a Nash differential operator on U. We shall prove that |Dα| is bounded by some Nash function.
Step 1. Reduction to the case D = f D ′ | U , where D ′ is a Nash differential operator on M and f is a Nash function on U. By lemma 3.5.4, we may assume that there exist an algebraic differential operator D 1 and a Nash function f 1 on U such that D = f 1 D 1 . From algebraic geometry we know that there exist a natural number n and an algebraic differential operator D
Step 2. Proof of the theorem. Since α is a tempered function on M, there exists a positive Nash function f 2 on M such that |D ′ α| ≤ f 2 . So |Dα| ≤ |f | · f 2 | U . By lemma 6.2.1 there exists a Nash function f 3 on U such that |f | · f 2 | U ≤ f 3 and hence also |Dα| ≤ f 3 . 2 Proof. Embed M ֒→ R n and let d be the global metric induced from R n . Let D be a Nash differential operator on M. We know that there exist strictly positive Nash
. Extend G i by zero to M and define G := max G i . Let F := G −1 and let f be a Nash function that majorates F , which exists by lemma 6.2.1. It is easy to see that |Dα| ≤ f . 2
Definition 4.5.1 Let M be an affine Nash manifold. We define the sheaf T M of tempered functions on M in the following way. For any open (semi-algebraic) subset U define T M (U) to be T (U) and for V ⊂ U define the usual restriction map
We can summarize the previous 2 theorems in the following proposition: Proof. Clearly, the restriction is well defined and continuous. Let us show that it is onto.
. Choose a Schwartz function ψ ∈ S(R n ) such that ψ = 1 in a neighborhood of the origin. For any φ ∈ S(Z) we define s(φ)(n, v) := φ(n, 0)ψ(v). Clearly, s is the required section.
Case 2 There exists a Nash diffeomorphism between M and a Nash vector bundle over Z which maps Z to the zero section. In this the claim follows from case 1 and theorem 4.4.1.
Case 3 General. Follows from case 2, corollary 3.6.3 of the Nash tubular neighborhood theorem and extension by zero 4.3.1. 2
In the same way one can prove an analogous theorem for tempered functions. Proof. It follows from the sheaf properties of tempered functions (proposition 4.5.1 and theorem 4.5.2). 2
Definition 5.1.2 Let M be a Nash manifold, and let E be a Nash bundle over
U i be an affine Nash trivialization of E. Then we have a map
We define the space S(M, E) of global Schwartz sections of E by S(M, E) := Imφ. We define the topology on this space using the
The definition does not depend on the choice of U i .
Proof. It follows from theorems on partition of unity (theorem 4.4.1) and extension by zero (proposition 4.3.1).
Partition of unity
This subsection is rather similar to subsection 4.4 about partition of unity for affine Nash manifolds. In particular, in the proofs in this subsection we use the technical cover tools and definitions given in the Appendix (subsection 6.3).
Theorem 5.2.1 (Partition of unity for any Nash manifold). Let M be a Nash manifold, and let
Proof of 1.
Let {F j } be a basic collection of continuous semi-algebraic functions such that M F j is a refinement of {U i } . It exists by proposition 6.3.4. Let ρ :
. It is easy to see that γ j are tempered. Now for every j we choose i(j)
It is easy to see that α j is a tempered partition of unity.
2 As in the proof of affine partition of unity theorem, part 2 follows from part 1, proposition 6.3.3 and the following lemma, similar to lemma 4.4.2.
In order to prove this lemma we need the following technical lemma.
Lemma 5.2.3 Let M be an affine Nash manifold. Let φ be a Schwartz function on
2 Proof of lemma 5.2.2. Without loss of generality we can assume that M is affine. Denote W := M \ V . Note that M = U ∪ W . Since Schwartz functions form a cosheaf, φ = φ U +φ W where φ U and φ W are extensions by zero of Schwartz functions on U and on W , respectively. Note that such that for any φ ∈ S(M, E), φα i ∈ S(U i , E) and for any ξ ∈ G(M, E), ξα i ∈ G(U i , E).
Basic properties
Let us now prove properties 1 -5 mentioned in section 1.5. Property 1 holds by definition. Clearly, for affine M and trivial 1-dimensional E, S(M, E) = S(M) and property 2 holds. Property 4 is satisfied by definition. Property 5 follows from theorems 4.6.1 and 4.6.2.
Theorem 5.3.1 Property 3 holds, i.e. for compact M,
Proof Let α be a smooth section of a Nash bundle E over a compact Nash manifold M. We have to show that it is also a Schwartz section. Since M is a Nash manifold, any point m ∈ M has a neighborhood U m Nash diffeomorphic to an open ball in R 
Characterization of Schwartz functions on open subset
Let us now prove property 6. First we shall prove it for trivial 1-dimensional bundle. We shall use the following elementary lemma from calculus.
Lemma 5.4.2 Suppose α ∈ C ∞ (R) vanishes at 0 with all its derivatives. Then for any natural number n, α(t) = t n α (n) (θ) for some θ ∈ [0, t].
Proof of the theorem.
Case 1 M = R N . Let φ ∈ S(U) and let φ be its extension by 0. By proposition 4.3.1 on extension by zero, φ ∈ W . Now, let φ ∈ W Z . For any point x ∈ R N define r(x) := dist(x, Z). Let S := S(0, 1) ∈ R N be the unit sphere. Consider the function ψ on S × Z × R defined by ψ(s, z, t) := φ(z + ts). From the previous lemma 5.4.2 we see that ψ(s, z, t) = t n ∂ n (∂t) n ψ(x, s, t)| t=θ for some θ ∈ [0, t]. As φ is Schwartz, it is easy to see that ∂ n (∂t) n ψ(x, s, t) is bounded on Z × S × R. Therefore |ψ(s, z, t)| ≤ C|t| n for some constant C and hence φ/r n is bounded on R N for any n. Let h be a Nash function on U. By lemma 2.3.1, r n h extends by 0 to a continuous semi-algebraic function on R N for n big enough. It can be majorated by f ∈ N (R N ). Therefore |φh| = |(φ/r n )r n h| ≤ |φf |/r n . φf ∈ W , thus |φf |/r n is bounded and hence |φh| is bounded.
For any Nash differential operator D on R N , Dφ ∈ W . Hence hDφ is bounded. By lemma 3.5.2, every Nash differential operator on U is a sum of differential operators of the form hD| U , where D is a Nash differential operator on R N and h a Nash function on U. Hence φ| U ∈ S(U).
Case 2 M is affine. Follows from the previous case and theorem 4.6.1 (extension from a closed Nash submanifold).
Case 3 General case. Choose an affine cover of M. The theorem now follows from the previous case and partition of unity.
2
Property 6 is an immediate corollary of the previous theorem and partition of unity. Let us remind it. 
It is the requested filtration. 2 This corollary appeared in a similar form in Casselman's unpublished work [Cas2] and in another similar form in [CHM].
Appendix
Nash structures on standard bundles
In this section we construct Nash structures on standard bundles from differential geometry. Proof of the theorem. In order to prove this theorem we have to prove two statements: 1. The total space of the tangent bundle has a canonical structure of a Nash manifold. 2. There is a finite cover of M by Nash trivializations of the tangent bundle.
Proof of 1. It is enough to prove the proposition for a closed affine Nash submanifold M ⊂ R n . In this case, the tangent bundle of M is defined in R 2n by semi-algebraic conditions. Hence, by the Tarski-Seidenberg principle it is a closed affine Nash submanifold of R 2n . So the proposition holds true for the tangent bundle, and hence also for normal and conormal bundles, the bundle of differential k-forms, etc.
Proof of 2. It is sufficient to prove for the cotangent bundle instead of the tangent one. Also, we can suppose that the manifold is affine. Let M ⊂ R n be a closed Nash embedding. We have a map π from (R n ) * to covector fields on M. Let {e i } be a basis of (R n ) * , d := dim M. For any subset S ⊂ {1, . . . , n} of cardinality d we define f S := det(π(e i ), i ∈ S). Let U S := {x ∈ M|f S (x) = 0}. Since π is fiberwise onto, we know from linear algebra that U S cover M. Clearly, every U S is an open semi-algebraic subset and the cotangent bundle is trivializable on it.
We shall need the following technical lemma, which is a direct consequence of lemma 2.2.11 about majoration of semi-algebraic functions by polynomials. 
Covers
In this section we give some definitions and propositions that help us to work with covers. The propositions of this subsection are versions of a general statement which says that any open cover of a Nash manifold can be replaced by a finer cover that has some nice properties. This subsection is used in the proofs of partition of unity both for affine and general Nash manifolds (sections 4.4 and 5.2). The central statement of this section is proposition 6.3.4. This lemma follows directly from the finiteness theorem (2.3.2). In order to have a unified system of indexes we denote V ijk := V ij . It gives a finite cover of M which is a refinement of U i , we re-index it to one index cover V l . By the same re-indexation we define G l and V ′ l . Extend G l by zero to a function G l on M. It is continuous. Denote G = ( G l )/(2n) where n is the number of values of the index l. Consider G| V l . This is a strictly positive continuous semi-algebraic function on an affine Nash manifold, hence by proposition 6.2.1 it can be bounded from below by a strictly positive Nash function g ′ l . Denote H l := G l /g ′ l . Extending H l by zero outside V l we obtain a collection of continuous semi-algebraic functions F l to M. It is easy to see that {F l } is a basic collection and M F l is a refinement of U i . 
Cosheaves over restricted topological spaces
Since Schwartz functions cannot be restricted to open subsets, but can be extended by 0 from open subsets, we need the notions of a pre-cosheaf and a cosheaf. There are such notions for any Grothendieck site (namely, a pre-sheaf and a sheaf with values in the opposite category). We shall now repeat their definitions for restricted topology. 
Here, the first map is defined by
and the second one by
